Agrawal et al. (Boll. Unione Mat. Ital. 8:169-180, 2015) introduced a Stancu-type Kantorovich modification of the operators proposed by Ren and Zeng (Bull. Korean Math. Soc. 50(4):1145-1156 and studied a basic convergence theorem by using the Bohman-Korovokin criterion, the rate of convergence involving the modulus of continuity, and the Lipschitz function. The concern of this paper is to obtain Voronoskaja-type asymptotic result by calculating an estimate of fourth order central moment for these operators and discuss the rate of convergence for the bivariate case by using the complete and partial moduli of continuity and the degree of approximation by means of a Lipschitz-type function and the Peetre K-functional. Also, we consider the associated GBS (generalized Boolean sum) operators and estimate the rate of convergence for these operators with the help of a mixed modulus of smoothness. Furthermore, we show the rate of convergence of these operators (univariate case) to certain functions with the help of the illustrations using Maple algorithms and in the bivariate case, the rate of convergence of these operators is compared with the associated GBS operators by illustrative graphics.
Introduction
Following [] , for any fixed real number q > , satisfying the condition  < q < , the q- respectively. For any integers n, k satisfying  ≤ k ≤ n, the q-binomial coefficient is given by
The q-analogue of ( -x) n is given by and discussed the basic convergence theorem, the rate of convergence involving modulus of continuity and Lipschitz function. Significant contributions have been made by researchers in this area of approximation theory (cf.
[] and the references their in). The purpose of this paper is to discuss the Voronoskaja asymptotic result by calculating an estimate of the fourth order central moment for the operators (.) and construct the bivariate case of these operators. We obtain the rate of approximation of the bivariate operators by using the complete and partial moduli of continuity and the degree of approximation with the aid of a Lipschitz-type space and the Peetre K -functional. Lastly, we consider the associated GBS (generalized Boolean sum) operators and study the approximation of Bögel continuous and Bögel differentiable functions by means of the mixed modulus of smoothness.
Lemma  ([])
For the operators given by (.), the following equalities hold:
In the following we obtain an estimate of the fourth order central moment of the operators defined by (.).

By the definition of the Jackson integral and the inequality
In the following, let (q n ) n ,  < q n <  be a sequence satisfying lim n→∞ q n =  and lim n→∞ q n n = a ( ≤ a < ). 
Voronovskaja-type theorem
Proof Using Taylor's expansion for f , we obtain n,p (; q n , x) and using Lemma , we get
For the last term of the right side, using the Cauchy-Schwarz inequality, we are led to
We observe that ξ
Finally, consideration of (.) and (.) completes the proof. In the following examples, we illustrate the rate of convergence of the operators given by (.) to certain functions. 
For f ∈ C(I  × I  ),  < q  , q  <  and J = [, ], the bivariate generalization of the operators given by (.) is defined as
sional test functions. Then the following equalities hold for the operators (.):
By using Lemma , the proof of the lemma is straightforward. Hence the details are omitted.
For f ∈ C(I  × I  ) and δ > , the first order complete modulus of continuity for the bivariate case is defined as follows:
). Now, we give an estimate of the rate of convergence of the bivariate operators. In the following, let  < q n i <  be sequences in (, ) such that q n i →  and q
is a linear positive operator, by the property (b) of bivariate modulus of continuity, Lemma , and the Cauchy-Schwarz inequality
we get the desired result. , then the inequality
where M  , M  are the positive constants such that
and
Proof From the mean value theorem we have
where x < ξ < t and y < ξ  < s. Since
n  ,n  ,p  ,p  (·; q n  , q n  , x, y) on both sides of (.), we have
Now applying the Cauchy-Schwarz inequality
on choosing δ n  = δ n  (x) and δ n  = δ n  (y), we obtain the required result.
Degree of approximation
In our next result, we study the degree of approximation for the bivariate operators by means of the Lipschitz class. For  < ξ  ≤  and  < ξ  ≤ , we define the Lipschitz class Lip M (ξ  , ξ  ) for the bivariate case as follows:
where (t, s), (x, y) ∈ (I  × I  ) are arbitrary.
Proof By our hypothesis, we can write 
Hence, the proof is completed.
Let C  (I  × I  ) denote the space of all continuous functions on I  × I  such that their first partial derivatives are continuous on I  × I  .
Proof Let (x, y) ∈ J  be a fixed point. Then by our hypothesis
n  ,n  ,p  ,p  (·; q n  , q n  , x, y) on both sides of the above equation, we are led to
Applying the Cauchy-Schwarz inequality and Lemma , we have
This completes the proof of the theorem.
For f ∈ C(I  × I  ) and δ > , the partial moduli of continuity with respect to x and y are given bȳ
Clearly, both moduli of continuity satisfy the properties of the usual modulus of continuity.
Proof Using the definition of partial moduli of continuity, Lemma , and the CauchySchwarz inequality, we have
from which the required result is straightforward.
Let C  (I  × I  ) be the space of all functions f ∈ C(I  × I  ) such that second partial derivatives of f belong to C(I  × I  ). The norm on the space C  (I  × I  ) is defined as
Also by [] , it follows that
holds for all δ > . The constant M in the above inequality is independent of δ and f andω  (f ; √ δ) is the second order modulus of continuity.
Theorem  For the function f ∈ C(I  × I  ), we have the following inequality:
and the constant M (> ), is independent of f and A
Proof We define the auxiliary operators as follows:
and (x, y) ∈ J  . Using Taylor's theorem, we may write
Applying the operator L
n  ,n  ,p  ,p  (·; q n  , q n  , x, y) on the above equation and using (.), we are led to
Hence,
Hence, considering (.), (.), and (.) (in that order),
Applying the Cauchy-Schwarz inequality
Since, by Theorem  and in view of Lemma ,
, and
uniformly in (x, y) ∈ J  , the desired result is obtained.
In the following example, the rate of convergence of the bivariate operators given by (.) to a certain function is shown by illustrative graphics. We observe that when the values of q  and q  increase, the approximation of f by the operator K
, q  = . (green) and q  = ., q  = . (pink), the convergence of the operators K Figure . operators. In this section, we give some basic definitions and notations, for further details, one can see [] .
Construction of GBS operator of q-Bernstein-Schurer-Kantorovich type
Let X and Y be compact subsets of R. 
